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ON SCATTERING CONSTANTS FOR A NON-CONGRUENCE SUBGROUP
VINCENZ BUSCH, ULF KÜHN, ANNA POSINGIES
Abstrat. Sattering onstants are speial values of Dirihlet series assoiated to non-holomorphi
Eisenstein series. In this paper we give losed formulas for the sattering onstants related to a
non-ongruene subgroup obtained via a Belyi map of an ellipti urve.
Introdution
Let Γ ⊂ SL2(Z) be a nite index subgroup. To every usp Sj of Γ we an assoiate a non-
holomorphi Eisenstein series EΓj (z, s) and for two usps Sj and Sk the sattering onstant C
Γ
jk is
dened by the onstant term of a Dirihlet series oming from the Fourier expansion of EΓj (z, s)
in the usp Sk.
Given an algebrai urve C and a Belyi map β, i.e. a morphism β : C → P1 that is ramied in
at most three points, for simpliity we assume that both are dened over Q, then there exists a
subgroup Γ ⊂ Γ(2) suh that C(C) ∼= Γ \H. The usps of Γ orrespond to the ramiation points
of (C,β). Arakelov theory gives us an expression for the Néron Tate height (see theorem 2.5 below
for more details)
htNT ( ramiation points ) = weighted sum of C
Γ
jk
′s+ algebrai term.
Our main result onerns the ellipti urve E : y2 = x3+5x+10 and the non-ongruene subgroup
ΓE for the Belyi map βE : E → P1 given by βE(x, y) = y(x−5)+1632 . This urve is referred to as
400H1 in Cremona's tables [Cr℄, its Mordell Weil group has rank one and is generated by P = (1, 4).
The zero element O and P as well as −P orrespond to usps of the group ΓE .
Theorem: For the non-ongruene subgroup ΓE as above the sattering onstants C
ΓE
O,O, C
ΓE
P,P and
CΓEP,−P are given by
CΓEO,O =
1
30
(
CΓ(1) − 1
π
(14 log(2) + 6 log(5))
)
CΓEP,P =
1
120
(
4CΓ(1) +
1
π
(−131 log(2) + 15 log(5)− 60 htNT (P ))
)
CΓEP,−P =
1
120
(
4CΓ(1) +
1
π
(−71 log(2) + 60 htNT (P ))
)
,
where
CΓ(1) = − 6
π
(12ζ′(−1)− 1 + log(4π))(0.1)
is the unique sattering onstant for the full modular group Γ(1).
All other sattering onstants for ΓE are Q-linear ombinations of the four sattering onstants
given above. The oeients depend on the ramiation data oming from βE.
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Remark: Previous to these expliit expressions, nearly no formulas for sattering onstants have
been available. For Eisenstein series oming from ertain ongruene subgroups of SL2(Z) formulas
for the sattering matries are known ([He℄, [Hu℄). Beside that, Venkov studied yloidal groups
[Ve℄. From these results sattering onstants an be dedued.
1. Eisenstein Series
Let H = {z ∈ C | Im(z) > 0} be the upper half plane and Γ(1) = PSL2(Z). Then Γ(1) ats on H
by the Möbius transformation. These ation an be extended to H = H ∪ Q ∪∞. Let Γ ⊂ Γ(1)
be a nite index subgroup then Q = Q ∪∞ is divided into nitely many equivalene lasses with
respet to the ation of Γ; the lasses are alled usps of Γ. We will use the word usp as well
for a representative of a usp. Let Sj ∈ Q be a usp and Γj its stabilizer in Γ. For Sj there is a
γj ∈ Γ(1) with γj(∞) = Sj and a bj ∈ N, suh that
σ−1j Γjσj = 〈( 1 10 1 )〉 with σj = γj ·
(√
bj 0
0 1/
√
bj
)
.
The number bj is alled the width of the usp Sj .
Denition 1.1. Let Γ ⊂ Γ(1) be a nite index subgroup. For eah usp Sj there is a non-
holomorphi Eisenstein series EΓj (z, s), whih for z ∈ H, s ∈ C and Re s > 1 is dened by the
onvergent series
EΓj (z, s) =
∑
σ∈Γj\Γ
Im
(
σ−1j σ(z)
)s
= b−sj
∑
σ∈Γj\Γ
Im
(
γ−1j σ(z)
)s
.
Properties: Let us reall some fats on the theory of Eisenstein series; the standard referene is
[Ku℄. The funtion EΓj (z, s) has a meromorphi ontinuation to the s-plane, with a simple pole in
s = 1 with residue 3/(π · [Γ(1) : Γ]). For all γ ∈ Γ we have EΓj (γ(z), s) = EΓj (z, s). The Fourier
expansion of EΓj (z, s) at the usp Sk is given by
EΓj (σk(z), s) = δjk · ys + π1/2
Γ
(
s− 12
)
Γ(s)
· φΓjk(s) · ys−1 +
∑
m 6=0
am(y, s)e
2piimx
where z = x+ iy and Γ(s) is the Gamma funtion. Furthermore we have
φΓjk(s) =
1
(bjbk)s
∑
c>0
rΓjk(c)
1
c2s
(1.1)
and
(1.2) rΓjk(c) = #
{
d mod bkc | ∃ ( ∗ ∗c d ) ∈ γ−1j Γγk
}
.
Then the sattering matrix
ΦΓ(s) =
(
π1/2
Γ(s− 1/2)
Γ(s)
· φΓjk(s)
)
j,k
is symmetri. Note that all the oeients of the sattering matrix are Dirihlet series in a
general sense. They have a meromorphi ontinuation with a simple pole in s = 1 of residue
3/(π · [Γ(1) : Γ]).
Denition 1.2. For all pairs j, k we dene the sattering onstant CΓjk to be the onstant term
at 1 of the Dirihlet series (ΦΓ)jk(s), i.e.
CΓjk := lim
s→1
(
ΦΓ(s)j,k − 3/(π · [Γ(1) : Γ])
s− 1
)
.(1.3)
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We will need the values of the sattering onstants for Γ(1) and Γ(2). The group Γ(1) has one
usp, hene one sattering onstant and it has already been introdued in (0.1). For the group
Γ(2) there exist only two dierent sattering onstants, although Γ(2) has three usps. These
onstants are
CΓ(2)a = −
1
3π
(36ζ′(−1)− 3 + 3 log(4π) + 7 log(2))
=
1
6
CΓ(1) − 7
3π
log(2)(1.4)
C
Γ(2)
b = −
1
3π
(36ζ′(−1)− 3 + 3 log(4π) + log(2))
=
1
6
CΓ(1) − 1
3π
log(2),(1.5)
where the rst ase is the one with Sj = Sk and in the seond ase we have Sj 6= Sk. For a
alulation see e.g. [Po℄.
The sattering onstants for a group an be onstruted from the onstants for a subgroup. Con-
versely, the knowledge of sattering onstants for a group gives us some information about sums
of sattering onstants for subgroups. Take the group Γ(2), then we get:
Proposition 1.3. Let Γ be a nite index subgroup of Γ(2), S
Γ(2)
j and S
Γ(2)
k′ two usps of Γ(2).
Then ∑
SΓ
i
⊂S
Γ(2)
j
bi
2
CΓik = C
Γ(2)
jk′ −
1
2π[Γ(2) : Γ]
∑
SΓ
i
⊂S
Γ(2)
j
bi
2
log
(
bibk
4
)
,(1.6)
where we sum over a system of representatives {SΓi } of usps of Γ suh that SΓi ∼Γ(2) SΓ(2)j and
SΓk is any usp of Γ with S
Γ
k ∼Γ(2) SΓ(2)k′ . The bi and bk denote the widths of the usps.
Proof: The formula is a onsequene of the relation of Eisenstein series
2sE
Γ(2)
j (z, s) =
∑
γ∈Γj\Γ(2)
Im(γjγ(z))
s =
∑
− d
c
∈S
Γ(2)
j
Im(z)s
|cz − d|2s
=
∑
SΓ
i
⊂S
Γ(2)
j
∑
− d
c
∈SΓ
i
Im(z)s
|cz − d|2s
=
∑
SΓ
i
⊂S
Γ(2)
j
bsiE
Γ
i (z, s).
From the implied relation for the onstant terms of the Fourier expansions we onlude the laim
by a straight forward alulation.

2. Belyi's Theorem, Néron Tate Heights and Arakelov Theory
In 1979 G. Belyi proved in [Be℄
Theorem 2.1. Let C be a non-singular algebrai urve dened over a number eld. Then there
exists a nite morphism β : C −→ P1 with at most the three ritial values 0, 1,∞.
This was the missing step for the following equivalenes.
Theorem 2.2. Let C be a non-singular algebrai urve over C. Then the following are equivalent
(i) The urve C is dened over a number eld.
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(ii) There exists a nite morphism βC : C −→ P1 with at most the three ritial values
0, 1,∞.
(iii) There is a subgroup ΓC ⊂ Γ(2) suh that C(C) ∼= ΓC \H.
Proof: See e.g. [Bi℄, [Bo℄ or [Se℄. 
Denition 2.3. A pair onsisting of a urve and a map with the properties from (ii) is alled
Belyi pair. The map alone is a Belyi map.
Some data from the Belyi pair have a diret ounterpart in the group ΓC . There is a 1-1 orre-
spondene between the usps of ΓC and the ramiation points of the Belyi pair. The widths of
the usps resemble the ramiation orders.
Denition 2.4. We will all the ramiation points of a Belyi pair usps. A divisor on C whih
has only support in the usps of (C,βC) is alled uspidal divisor.
Belyi pairs allow to formulate the following theorem onerning Néron Tate heights.
Theorem 2.5. Let β : K → P1 be a Belyi map for an algebrai urve C over Q with indued Belyi
uniformization C(C) ≡ ΓC \H. Let D =
∑
j njSj and D
′ =
∑
kmkSk be two uspidal divisors of
degree 0. Then the Néron Tate height pairing of D and D′ is given by:
(2.1) 〈D,D′〉NT = −
∑
p prim
δp log(p)− 2π
∑
j,k
njmkC
ΓC
jk .
The oeients δp are rational numbers, that are expliitly omputable (see (2.2)) and C
ΓC
jk is the
sattering onstant for the usps Sj and Sk from ΓC .
Proof: See [Kü℄. 
The above oeients δp, as we will explain now, are given via loal intersetion numbers.
Let C/Q be an algebrai urve and C/Z be a proper regular model. Let D1,D2 ∈ Div(C) be two
prime divisors with no ommon omponents and x ∈ D1 ∩D2. Fix loal parameters f1, f2 for D1
and D2. We dene the loal intersetion number at x to be
ix(D1,D2) = ℓOC,x(OC,x)/(f1, f2).
Further, we dene the total loal intersetion number of D1 and D2 at a prime p to be
ip(D1,D2) =
∑
x∈D1∩D2∩Cp
ix(D1,D2)[kx : kp].
For two divisors D =
∑
njDj , D
′ =
∑
mkD
′
k with no ommon omponents we dene by linearity
ip(D,D
′) =
∑
j,k
njmkip(Dj ,D
′
k).
Now we are looking at the dierent bers of the sheme C/Z at one.
Denition 2.6. For two divisors D,D′ ∈ Div(C) with no ommon omponent we dene the
intersetion number at the nite plaes by
(D,D′)fin =
∑
p
ip(D,D
′) log(p).
From now on D denotes the Zariski losure of a divisor D on C. The group of divisors on C with
degree zero will be denoted by Div0(C) and Divp(C) is the set of all divisors supported on Cp, here
Cp = C × kp (kp = Z/pZ) denotes the speial ber of C at the plae p.
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Lemma 2.7. There exists a unique linear map
Φp : Div0(C)→ Q⊗Divp(C)/(Q⊗ Cp),
suh that for all D ∈ Div0(C) the divisor D+Φp(D) is orthogonal to Divp(C).
Proof: See e.g. [Hr℄. 
The orretion divisor Φ for D ∈ Div0(C) is dened by
Φ(D) =
∑
p
Φp(D).
Denition 2.8. We dene for two divisors D,D′ ∈ Div0(C) with no ommon omponents
(D,D′)fin = (D+Φ(D),D
′ +Φ(D′))fin.
From the denitions we see
(D,D′)fin =
∑
p
δp log(p).(2.2)
These δp are exatly the δp of theorem 2.5, whenever D and D
′
have no ommon omponents.
Sine the Néron Tate height pairing vanishes on divisors of rational funtions, we may redue the
general ase to the the above situation by replaing D′ with D′ + div(f) for an suitable rational
funtion f on C.
Remark 2.9. As a onsequene of the funtoriality of the intersetion number at the nite plaes
w.r.t. pull-bak morphisms (see [La℄), the quantity (D,D′)fin does not depend on the partiular
hosen regular model.
3. An ellipti Belyi pair and its sattering onstants
Now, we will fous on one partiular Belyi pair onsidered by Elkies in [El1℄.
Proposition 3.1. The ellipti urve
E : y2 = x3 + 5x+ 10(3.1)
together with the map
β : E −→ P1(3.2)
(x, y) 7−→ y(x− 5) + 16
32
form a Belyi pair.
Proof: Regard the map (x, y) 7→ y(x−5). It is easy to hek, that the ritial values are {∞,±16}.
The map (3.2) above normalizes the ritial values to 0, 1 and ∞. 
Proposition 3.2. The Mordell Weil group E(Q) of the ellipti urve dened via (3.1) is of rank
one with trivial torsion. The point S1 = (1, 4) generates E(Q). The group ΓE assoiated with the
Belyi pair (E,βE) is a non-ongruene subgroup.
Proof: For the rank, torsion, and the generator look at Cremona's tables in [Cr℄. The urve is
listed under 400H1. The point S1 generates an innite group. Hene, the uspidal divisor S1 −O
is not torsion in the Piard group. The theorem of Manin and Drinfeld [Dr℄, [Ma℄ (see also [El2℄)
then shows that ΓE is non-ongruene. 
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Remark 3.3. It was shown in [Po℄ that ΓE = ϕ
−1(StabS5(5)) with ϕ : Γ(2) → S5 given by the
images of the generators of Γ(2): ϕ(γ0) = (1235) and ϕ(γ1) = (1234). But suh a desription of
ΓE is not needed to ahieve the results of this paper.
The ramiation points, i.e. the usps of the Belyi pair, are
S0 = O
S1 = (1, 4), S2 = −4S1 = (6,−16),(3.3)
S3 = −S1 = (1,−4), and S4 = 4S1 = (6, 16),
where O orresponds to the point ∞; it is the neutral element of E(Q). The point S0 lies above
∞, S1 and S2 above 0 and S3 as well as S4 above 1. The notation Si with i ∈ {0, . . . , 4} will be
used for the divisors of the usps in Div(E) and also for the orresponding usps of the group ΓE .
The sattering onstants CΓEjk will be determined below via an appliation of theorem 2.5 on the
urve E dened via (3.1) together with the additional relations oming from proposition 1.3.
In partiular, we need ertain intersetion numbers at the nite plaes, these will be determined
in setion 4 using an appropriate model.
4. Calulation of some oeffiients δp for E
The ellipti urve E dened via (3.1) has a minimal proper regular model over Z. We denote the
Zariski losure of Sj on the model with Sj .
Theorem 4.1. An illustration of the model and the behavior of the divisors assoiated to the
points from (3.3) an be seen in gure 1.
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Figure 1. The assoiated divisors on the minimal proper regular model of the
urve 400H1
The model fullls the following properties:
(i) All speial bers of E onsist of one irreduible omponent exept the ber above (2).
(ii) The ber above (2) onsists of eight irreduible omponents with the following multipliities
E2 = C1 + C2 + 2C3 + 2C4 + 2C5 + 2C6 + C7 + C8
and the intersetion matrix of the ber over (2) is given by table 1.
(iii) There are only three points on the model where two of the divisors S0, . . .S4 interset.
We denote these points by
x12 = S1 ∩ S2 x34 = S3 ∩ S4 x24 = S2 ∩ S4.
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( · ) C1 C2 2C3 2C4 2C5 2C6 C7 C8
C1 -2 0 2 0 0 0 0 0
C2 0 -2 2 0 0 0 0 0
2C3 2 2 -8 4 0 0 0 0
2C4 0 0 4 -8 4 0 0 0
2C5 0 0 0 4 -8 4 0 0
2C6 0 0 0 0 4 -8 2 2
C7 0 0 0 0 0 2 -2 0
C8 0 0 0 0 0 2 0 -2
Table 1. Intersetion matrix for E2
(iv) The divisors S0, . . .S4 only interset with one omponent of the speial ber above (2)
and these intersetion numbers are
(S0, C1)fin = (S1, C7)fin = (S2, C1)fin = (S3, C8)fin = (S4, C1)fin = 1
while all other intersetion numbers vanish.
Proof: The Tate algorithm provides an expliit method to obtain the model and its properties
(i), (ii). Keeping trak of the points Sj and their indued divisors Sj in all steps of these alula-
tions gives (iii) and (iv); a detailed alulation is in [Bu℄. 
Now, we need to alulate two more ingredients to determine the possible δp's for E: the loal
intersetion numbers and the orretion divisors.
Loal intersetion numbers: We will denote the loal intersetion number at xjk with mjk.
Expliit alulations show, see e.g. [Bu℄, p. 79, that the loal ring at the point x24 is given by
OE,x24 = Z[x, y]/(y2 − x3 − 5x− 10)((2,x,y))
and the loal equations of S2 and S4 are f2 = y − 16 and f4 = y + 16.
Thus, the module OE,x24/(f2, f4) is given by
OE,x24/(f2, f4) = (Z[x, y]/(y2 − x3 − 5x− 10)((2,x,y)))/(y − 16, y + 16)
= Z[x, y]/(y2 − x3 − 5x− 10, y − 16, y + 16)((2,x,y))
= Z[x]/(−x3 − 5x+ 246, 32)((2,x))
= Z/(32)((2)).
The intersetion number is therefore given by
m24 = ix24(S2, S4) = ℓOE,x24OE,x24/(f2, f4) = ℓOE,x24Z/(32) = 5.
Similar alulations for the other two points give
m12 = m34 = 1.
Corretion divisors: We will work with uspidal divisors that are the dierene of two usps
and we dene Djk = Sj − Sk, with j, k ∈ {0, . . .4}. The Zariski losure of Djk will be denoted
with Djk. Next we will alulate the divisors Φjk = Φ(Djk) with j, k ∈ {0, . . . , 4}.
In our example we have Φjk ∈ Div(2)(E), beause the Djk are already orthogonal to all the other
bers. Writing Φjk as a linear ombination of the omponents of the ber above (2)
Φjk = n1C1 + n2C2 + n3C3 + n4C4 + n5C5 + n6C6 + n7C7 + n8C8,
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with ni ∈ Q and solving the equations
(4.1) (Djk +Φjk, Cl)fin = 0, 1 ≤ l ≤ 8
we get representatives for the oeients ni's; observe Φjk is dened modulo E2.
For Φ14 we alulate for instane
Φ14 = −5
4
C1 − 3
4
C2 − 3
2
C3 − C4 − 1
2
C5 + 1
2
C7.
Now we an alulate all the loal intersetion numbers that dene the oeients δp. Again, we
will only alulate (D14, D32)fin as an example, sine all other intersetion numbers are alulated
in a similar way.
(D14, D32)fin =(D14 +Φ14,D32)fin
=(S1 − S4 +Φ14,S3 − S2)fin
=(S1,S3)fin − (S1,S2)fin − (S4,S3)fin
+ (S4,S2)fin + (Φ14,S3)fin − (Φ14,S2)fin
=0−m12 log(5) +m34 log(5)
+m24 log(2) + 0 +
5
4
(C1,D2)fin log(2)
=0− log(5)− log(5) + 5 log(2) + 0 + 5
4
log(2)
=
25
4
log(2)− 2 log(5)
We an ollet the intersetion data into the following
Theorem 4.2. Let Dij = Si − Sj and Dkl = Sk − Sl be two uspidal divisors on (E,βE) with no
ommon omponent. We write (Dij , Dkl)fin =
∑
p prim δp log(p). Then only the δp for p ∈ {2, 5}
will be dierent from zero and they are given by the table
Dij Dkl δ2 δ5
S1 − S4 S3 − S2 6, 25 −2
S1 − S3 S4 − S2 0 −2
S1 − S2 S3 − S4 6, 25 0
S1 − S4 S3 − S0 1, 25 −1
S1 − S3 S4 − S0 0 −1
S1 − S0 S3 − S4 1, 25 0
S1 − S4 S0 − S2 5 −1
S1 − S2 S0 − S4 5 0
Proof: The neessary alulations to ahieve the table have been explained above; a detailed
alulation is in [Bu℄. 
Remark 4.3. The information from the table in theorem 4.2 alone will never be suient to
alulate values of sattering onstants, sine the the value of the formula in theorem 2.5 stays
unhanged when the sattering onstants dier by a onstant term: Take for example Dij = Si−Sj
and Dkl = Sk − Sl then on the left hand side of theorem 2.5 we get the sum Cik −Cil −Cjk +Cjl
whih would equal (Cik + c)− (Cil + c)− (Cjk + c) + (Cjl + c).
Remark 4.4. Most of the alulations in this hapter an be done algorithmially, a detailed
desription of suh a rened version of Tate's algorithm an be found in [Bu2℄.
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5. Linear relations for CΓEjk
We will use the properties of sattering onstants introdued in hapter 1 to nd identities of
and linear dependenies between the sattering onstants of the pair (E,βE) to x the onstant
mentioned in remark 4.3.
Proposition 5.1. For the group ΓE assoiated with the Belyi pair (E,βE) it sues to know
the sattering onstants C14, C34, C12 and C
Γ(1)
. Then all sattering onstants are known and we
have the list:
C00 =
1
30
(
CΓ(1) − 1
π
(14 log(2) + 6 log(5))
)
C01 =
1
30
(
CΓ(1) − 1
π
(8 log(2) + 3 log(5))
)
C02 =
1
30
(
CΓ(1) − 1
π
(2 log(2) + 3 log(5))
)
C03 =
1
30
(
CΓ(1) − 1
π
(8 log(2) + 3 log(5))
)
C04 =
1
30
(
CΓ(1) − 1
π
(2 log(2) + 3 log(5))
)
C11 =
1
4
(
1
6
CΓ(1) − 62
15π
log(2)− C12
)
C12
C13 =
1
4
(
1
6
CΓ(1) − 32
15π
log(2)− C14
)
C14
C22 =
1
6
CΓ(1) − 47
15π
log(2)− 4C12
C23 = C14
C24 =
1
6
CΓ(1) − 17
15π
log(2)− 4C14
C33 =
1
4
(
1
6
CΓ(1) − 62
15π
log(2)− C34
)
C34
C44 =
1
6
CΓ(1) − 47
15π
log(2)− 4C34
Proof: First of all, remember, that the sattering matrix is symmetri, i.e. for any two usps S
and S′ we have CSS′ = CS′S . Hene, in the list above really all sattering onstants our.
Seondly, we apply proposition 1.3. Sine the point S0 is totally ramied the sum in formula
(1.6) for Sj = S0 is only to be taken over one single element. When we now dier Sk over all the
usps, we get the rst 5 rows of the list above. For that we have to realize that the usps have the
following widths
b0 = 10, b1 = 8, b2 = 2, b3 = 8, b4 = 2.
The widths are always two times the ramiation index, sine the widths of all the usps of Γ(2)
are two.
Now we apply proposition 1.3 again but in the ases not involving S0. Then we get
4C11 + C12 =
1
6
CΓ(1) − 62
15π
log(2)
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4C33 + C34 =
1
6
CΓ(1) − 62
15π
log(2)
4C13 + C14 =
1
6
CΓ(1) − 32
15π
log(2)
4C13 + C23 =
1
6
CΓ(1) − 32
15π
log(2)
4C41 + C42 =
1
6
CΓ(1) − 17
15π
log(2)
4C23 + C24 =
1
6
CΓ(1) − 17
15π
log(2)
4C43 + C44 =
1
6
CΓ(1) − 47
15π
log(2)
4C12 + C22 =
1
6
CΓ(1) − 47
15π
log(2).
This follows diretly with the widths from above and the fat that usps are equivalent under Γ(2)
if and only if they have the same image under βE .
From this identities the list in the proposition follows. 
Theorem 4.2 may now be used to alulate the missing sattering onstants.
6. Proof of the main result
We observe, that on an ellipti urve C the Néron Tate pairing on Div0(C) is ompatible with the
Néron Tate pairing on the Mordell Weil group, i.e. for S, S′ ∈ C(Q)
〈S −O, S′ −O〉NT = 〈S, S′〉NT .
In partiular, if C(Q) is generated by one point P then the values of all Néron Tate pairings in
C(Q) are multiples of the Néron Tate height of the generator htNT (P ). Thus, by bilinearity and
insertion of O, for D,D′ ∈ Div0(C(Q)) there is a n ∈ Z suh that
〈D,D′〉NT = n · htNT (P ).
We an use this fat to simplify the left hand side of equation (2.1) in theorem 2.5.
For the ellipti urve E onsidered in this text we have in the Mordell Weil group S2 = −4S1,
S3 = −S1, S4 = 4S1 and S0 = O (one an use e.g. the omputer algebra system pari to alulate
multiples of S1). Thus we get
〈S1 − S2, S0 − S4〉NT = 〈S1, S0〉NT − 〈S1, S4〉NT − 〈S2, S0〉NT + 〈S2, S4〉NT
= 0− 4 htNT (S1)− 0− 16 htNT (S1)
= −20 htNT (S1).(6.1)
Theorem 6.1. For the group ΓE assoiated with (E,βE) we have
C14 =
1
30
(
CΓ(1) +
1
π
(7 log(2)− 60 htNT (S1))
)
C21 =
1
30
(
CΓ(1) +
1
π
(7 log(2)− 15 log(5) + 60 htNT (S1))
)
C34 =
1
30
(
CΓ(1) +
1
π
(7 log(2)− 15 log(5) + 60 htNT (S1))
)
and S1 = (1, 4) is, like before, the generator of the Mordell Weil group E(Q).
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Proof: We insert information from theorem 4.2 into theorem 2.5. If we use the last row from the
table in theorem 4.2, formula (2.1) beomes
〈S1 − S2, S0 − S4〉NT = −5 log(2)− 2π (C01 − C14 − C02 + C42) .(6.2)
With the list from proposition 5.1 we simplify the sum of sattering onstants to
2π (C01 − C14 − C02 + C24) = π
3
CΓ(1) − 8
3
log(2)− 10πC14.(6.3)
As seen in (6.1) the right hand side of equation (6.2) beomes −20 htNT (S1). Hene, the rst
sattering onstant is given by
C14 =
1
30
(
CΓ(1) +
1
π
(7 log(2)− 60 htNT (S1))
)
.(6.4)
For the last sattering onstants, we repeat the alulation above with taking the seond to last
and the fth row (respetively) from the table in theorem 4.2 and the result for C14 into aount
and onlude the onstants to be
C12 = C34 =
1
30
(
CΓ(1) +
1
π
(7 log(2)− 15 log(5) + 60 htNT (S1))
)
.(6.5)

If we insert these results into the formulas of proposition 5.1 we get a desription of the sattering
onstants for ΓE in C
Γ(1)
, the log's of 2 and 5 and htNT (S1).
Remark 6.2. Good numerial approximations exist for the Néron Tate height. By means of the
omputer algebra system pari we obtain
htNT (S1) ≈ 0.1283750629460508690621759.
This leads to the following numerial approximations of sattering onstants for ΓE:
C00 ≈ −0.176518865559 C01 ≈ −0.0811617456560
C02 ≈ −0.0370346256255 C03 ≈ −0.0811617456560
C04 ≈ −0.0370346256255 C11 ≈ −0.168350141906
C12 ≈ −0.0940378417200 C13 ≈ −0.0812067899954
C14 ≈ −0.00134004905741 C22 ≈ −0.170651442311
C23 ≈ −0.00134004905741 C24 ≈ −0.100171412657
C33 ≈ −0.168350141906 C34 ≈ −0.0940378417200
C44 ≈ −0.170651442311
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